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Abstract. We show by a construction that there are at least
exp{cV
(d−1)/(d+1)} convex lattice polytopes in R
d of volume V that are dif-
ferent in the sense that none of them can be carried to an other one by a lattice
preserving aﬃne transformation.
1. Introduction and main result
In 1980 Arnol’d [2] asked the following question: How many convex lat-
tice polytopes are there in Rd? Inﬁnitely many, of course. So Arnol’d reﬁned
the question. He calls two convex lattice polytopes equivalent if one can be
carried to the other by a lattice preserving aﬃne transformation. This is an
equivalence relation and equivalent polytopes have the same volume. Let
Nd(V ) denote the number of equivalence classes of convex lattice polytopes
in Rd of volume V .O fc o u r s e ,d!V is a positive integer. Arnol’d showed that
V 1/3   logN2(V )   V 1/3 logV.
Actually, Arnol’d proved the stronger statement that logN+
2 (V )  
V 1/3 logV where N+
d (V ) denotes the number of equivalence classes of
convex lattice polytopes in Rd of volume at most V .H e a s k e d w h a t
happens in higher dimensions and Konyagin and Sevastyanov proved [7]
that logN+
d (V )   V (d−1)/(d+1) logV . This was subsequently improved to
logN+
d (V )   V (d−1)/(d+1) by B´ ar´ any and Pach [5]( f o rd =2 )a n db yB ´ ar´ any
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and Vershik [6]( f o rd  2). The proof of the lower bound logN+
d (V )
  V (d−1)/(d+1) is quite easy as we will see soon. The main result of this
paper is the same lower bound for logNd(V ):
Theorem 1.1. V (d−1)/(d+1)   logNd(V ).
In [2] Arnol’d proved this theorem for d = 2. For higher dimensions he
only says: “Proof of the lower bound: let x2
1 + ···+ x2
d−1  xd  A”. The
construction for the lower bound to be presented here uses an idea of Arnol’d
and several further ingredients. Of course Theorem 1.1 has the following
Corollary 1.1. V (d−1)/(d+1)   logN+
d (V ).
A proof is sketched in [3], and another proof is given by Chuanming
Zong [9]. We also give a short argument for this corollary.
Some remarks are in place here about notation and terminology. A con-
vex polytope P ⊂ Rd is a lattice polytope if its vertex set, vertP is a subset
of Zd, the integer lattice. Write P or Pd for the set of all convex lattice
polytopes in Rd with positive volume. The number of vertices of P ∈Pis
denoted by f0(P). Throughout the paper we use, together with the usual
“little oh” and “big Oh” notation, the convenient   symbol, which means,
for functions f,g : R+ → R+,t h a tf(V )   g(V ) if there are constants V0 > 0
and c>0 such that f(V )  cg(V ) for all V> V 0. These constants, to be
denoted by c,c1,...,b,b 1,... may only depend on dimension. The stan-
dard basis of Rd is e1,...,e d,a n d|x| =

x2
1 + ···+ x2
d is the Euclidean
norm of x =( x1,...,x d) ∈ Rd,a n dBd is the Euclidean unit ball of Rd,a n d
volBd = ωd. Also Rd
+ denotes the set of x ∈ Rd with xi  0 for every i ∈ [d].
Here [d]={1,2,...,d}.
The paper is organized as follows. The integer convex hull and some of
its properties are given in the next section. A quick proof of Corollary 1.1
is the content of Section 3. Section 4 presents some auxiliary results. The
construction of many non-equivalent convex lattice polytopes is in Section 5.
We ﬁnish with concluding remarks.
2. The integer convex hull
Suppose K ⊂ Rd is a bounded convex set. Its integer convex hull, I(K),
is deﬁned as
I(K)=c o n v

K ∩ Zd
,
which is a convex lattice polytope if nonempty. One important ingredient of
our construction is
Qr = I

rBd
=c o n v

Zd ∩ rBd
.
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Trivially volQr  ωdrd. I ti sp r o v e di nB ´ ar´ any and Larman in [4]t h a t
vol(rBd \Qr)   r
d
d−1
d+1. The last exponent will appear so often that we write
D = dd−1
d+1. The number of vertices of Qr is estimated in [4]a s
(2.1) rD   f0(Qr)   rD.
The upper bound is a result of Andrews [1] stating that f0(P)  
(volP)
(d−1/(d+1) for all P ∈P d with volP>0.
We are to establish further properties of Qr, always assuming that r is
large enough.
Lemma 2.1.

r −
√
d

Bd ⊂ Qr.
Proof. Ac a pC of Bd is the intersection of Bd with a halfspace H.
If intC ∩ Zd = ∅,t h e ni n t C cannot contain a translate of the unit cube,
implying that the width of C is at most
√
d. 
Lemma 2.2.

r − 2
√
d

Bd ⊂ I(Qr \ vertQr).
Proof. The previous lemma implies that no vertex of Qr lies in 
r −
√
d

Bd. Consequently

r −
√
d

Bd ⊂ Qr \ vertQr. Taking the in-
teger convex hull of both sides and applying Lemma 2.1 to Qr−
√
d =
I(

r −
√
d

Bd) ﬁnishes the proof. 
For a lattice polytope P ∈Pwith x ∈ vertP we deﬁne
 (x)=P \ I

vertP \{ x}

.
It is evident that vol (x) is an integer multiple of 1/d!.
Lemma 2.3. For every x ∈ vertQr vol (x)   r
d−1
2 and
  (x) ∩ Zd 
  r
d−1
2 .
Proof. Set P  := I

vertP \{ x}

and let F be a separating facet of P 
meaning that the hyperplane aﬀ F strictly separates x and P . This hyper-
plane cuts oﬀ a small cap CF from rBd whose width is less than 2
√
d by the
previous lemma. Then the diameter of CF is at most
2

2r − 2
√
d

2
√
d<4d1/4√
r.
It follows that all such caps CF are contained in a cap C, centered at rx/|x|,
and of radius 4d1/4√
r.T h e n (x) is contained in C, and the volume of this
cap is   r
d−1
2 . The second statement follows from the fact that
  (x)∩Zd 
is at most the volume of the Minkowski sum of C and the unit cube. It is
not hard to see that this volume is   r
d−1
2 . 
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3. A quick proof of Corollary 1.1
We are to construct many non-equivalent convex lattice polytopes of vol-
ume at most V (when V is large). Choose r so big that volrBd is slightly
smaller than V and set s =  r .T h e nQr has   rD vertices. Set G = {±se1,
...,±sed}.
Here comes Arnol’d idea from [2]. For a subset W of vertQr \ G deﬁne
Q(W)=I(Qr \ W). This is 2|vert Qr|−2d  exp{cV (d−1)/(d+1)} convex lat-
tice polytopes (with a suitable c>0, depending only on d). We show that
at most 2dd!o ft h eQ(W) are in the same equivalence class.
Assume the lattice preserving aﬃne transformation T maps Q(W)t o
Q(W ). T is of the form T(x)=Ax + a where A is an integral matrix of
determinant ±1a n da ∈ Zd. We claim |Aei| =1f o ra l li ∈ [d]. Assume
Aei = z ∈ Zd, then either |z| =1o r|z| 
√
2. As ±sei ∈ Q(W),
 T(±sei)
 
 r. Squaring and expanding gives (±sAei + a)
2 = s2z2 ± 2sz · a + a2  r2.
Summing the two inequalities gives s2z2 +a2  r2.H e r es =  r   0.9r,a n d
if z2  2, we have 1.62r2 + a2  r2 which is impossible. So |z| =1a n dt h e n
z = ±ej for some j ∈ [d]. Thus there is a permutation π of [d]w i t hAei =
±eπ(i).A sxi = ±s are supporting hyperplanes to both Q(W)a n dQ(W ),
a = 0 follows. There are 2dd! such lattice preserving aﬃne transformations,
so indeed the equivalence class of Q(W) contains at most 2dd! convex lattice
polytopes of the form Q(W ). 
Remark. The same method works for the rotational paraboloid given
by inequalities x2
1 + ···+ x2
d−1  xd  r2 from Arnol’d paper [2]. Its integer
convex hull, Pr, is a convex lattice polytope with ωd−1rd−1
1+o(1)

ver-
tices, and its volume is of order rd+1. Deleting all subsets W of the vertices
gives many, namely at least exp

crd−1
, convex lattice polytopes of the
form I(Pr \W), and every equivalence class contains at most 2d−1(d−1)! of
them.
4. Auxiliary results
We are going to use a beautiful result of Reizner, Sch¨ utt, Werner [8]. For
av e r t e xx of a polytope P ∈Pwe deﬁne  ∗(x)=P \ conv

vertP \{ x}

.
Theorem 4.1. For every integer d  2 there are constants b0,b 1 > 0
such that the following holds. For every ε ∈ (0,1/2) and for every P ∈P
with f0(P)  bd
0/ε there is a set X ⊂ vertP of size |X|  (1−2ε)f0(P) such
that for every x ∈ X
vol ∗(x)
volP
 b1

εf0(P)
−
d+1
d−1.
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Note that, for a lattice polytope P,  (x) ⊂  ∗(x) so the last inequality
holds with  (x)i np l a c eo f ∗(x).
The main building block of our construction is Kr = Rd
+ ∩ rBd.T h e
estimate (2.1) shows that rD   f0

I(Kr)

  rD. Applying the above the-
orem to P = I(Kr)w i t hε =0 .24, say, shows that at least 52 percent of the
vertices of I(Kr)s a t i s f y
vol (x)  b1

1
4
 vertI(Kr)
 
	−
d+1
d−1
volI(Kr)   1.
This implies that for this set of vertices vol (x)  b
d! where b is a positive in-
teger that depends only on d.L e tX be a subset of these vertices, excluding
the origin (for reasons that will be clear later), with |X| =  
1
2f0

I(Kr)

 .
So what we have now is that
(4.1) vol (x) 
b
d!
for all x ∈ X.
The next lemma is fairly simple.
Lemma 4.1. If a segment [u,v] ⊂ 2Kr contains more than 1.9r lattice
points, then it is parallel with some ei or with some ei − ej, i  = j. In the
latter case |
1
2(u + v)|  1.5r.
Proof. Let z be the primitive vector in the direction of the segment
[u,v]. Then u − v = λz with λ>1.9r.F u r t h e r ,
diam2Kr =2d i a mKr =2
√
2r  |u − v| = λ|z|  1.9r|z|
implying that |z| < 2
√
2
1.9 < 1.5. Such an integer vector can have one or two
coordinates equal to ±1, the rest of the coordinates is zero. It is easy to
check that the case z = ei + ej cannot occur. Equally easy is to see that if
z = ei − ej,t h e nu is close to 2rei and v is close to 2rej, and then the mid-
point w of [u,v] is close to the midpoint of [2rei,2rej] which is at distance
2r/
√
2 from the origin. This implies |w| < 1.5r. We omit the straightforward
details. 
We need one more fact which is probably known. Let b be a ﬁxed posi-
tive integer. Assume k1,...,k m ∈ [b]a n d

m
1 kj = M.F o rW ⊂ [m] deﬁne
σ(W)=


j∈W kj. We want to give an exponential in m lower bound on
the number of sets W ⊂ [m]w i t hσ(W) ∈ [βM − b,βM]w h e r eβ ∈ (0,1/2).
The interval [βM − b,βM]c o n t a i n sb integers. Note that a shorter interval
would not suﬃce in general, for instance when all kj = b.
Lemma 4.2. For all positive integers b,m and for all β ∈ (0,1/2) the fol-
lowing holds. Given a sequence k1,...,k m with all kj ∈ [b] and

m
1 kj = M,
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the number of sets W ⊂ [m] satisfying σ(W) ∈ [βM − b,βM] is at least
βb2βm.
Proof. Fix β ∈ (0,1/2). The sets Pi =

j ∈ [m]:kj = i

form a par-
tition of [m]. Set pi = |Pi| and qi =  βpi . We are going to choose q∗
i ele-
ments from Pi with qi  q∗
i  qi +1foralli so that

b
1 iq∗
i ∈ [βM − b,βM].
As

b
1 iqi  βM 

b
1 i(qi + 1), and the diﬀerence of the upper and lower
bounds here is
b
2

, there is such a choice of q∗
i . We ﬁx such a choice.
The number of sets W ⊂ [m] with exactly q∗
i elements from Pi is
b
1
pi
q∗
i

.
Here
pi
q∗
i


pi
qi

since β<1/2, and
pi
qi

 (
pi
qi)
qi.M o r e o v e r
pi
qi 
pi
βpi = 1
β.
Thus
b 
1

pi
q∗
i



1
β
	

qi


1
β
	βm−b
 βb

1
β
	βm
>β b2βm. 
5. The construction
The building block of the construction is the convex lattice polytope
I(Kr)=I(rBd ∩ Rd
+). As r grows, more and more lattice points enter the
ball rBd and so I(Kr), sometimes many of them with the same r.T h a t
is why we modify our construction a little. Order the lattice points in Rd
+
as x0,x 1,x 2,... with the only condition that |xi|  |xj| for i  j. Deﬁne
Kn =c o n v{x0,x 1,...,x n}.
Set r = |xn|.T h e nKn is close to Kr and n = ωdrd
1+o(1)

and volKn
= ωdrd
1+o(1)

. Moreover, all the estimates and lemmas of Section 2 re-
main valid for Kn because no proof (not even in [4]) considers whether a
particular lattice point is on the boundary of rBd or not.
The function n → volI(Kn) is increasing, of order rd, with jumps at
least 1/d! and at most O(r(d−1)/2) in view of Lemma 2.3. The function
n → f0

I(Kn)

is of order rD with jumps at most 1 and at least −cr(d−1)/2
for a suitable c>0 depending only on d, again by Lemma 2.3. Consequently
for every large enough V there is n such that with r = |xn|
0  2d volKn − V −
1
5d!
f0(Kn)   r(d−1)/2.
We ﬁx this n and the corresponding r = |xn| and deﬁne Q =2 Kn,w h i c h
is a homothetic copy of Kn by blow-up factor 2 and center 0. Further, x is
av e r t e xo fQ iﬀ x/2i sav e r t e xo fI(Kn). The estimate (2.1) shows that
rD   f0(Q)=f0(Kn)   rD.
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For x ∈ vertQ deﬁne
 (x)= Q(x)=Q \ I

Q \{ x}

.
 (x) is a translate of  Kn(x/2) (by the vector x/2). This implies that for
all x ∈ vertQ
1
d!
 vol (x)   r
d−1
2 .
The advantage of the blow-up factor 2 in the deﬁnition of Q is that for
distinct x,y ∈ vertQ,  (x)a n d (y) are internally disjoint, that is, int (x)
∩ int (y)=∅ when x,y ∈ vertQ are distinct.
We use next the Reizner–Sch¨ utt–Werner theorem in the form of (4.1):
There is X ⊂ vertQ, |X| =  
1
2f0(Q) ,a n d0 ∈ X such that vol (x)  b/d!
for all x ∈ X where b is a positive integer depending only on d.S e t|X| = m
and M =


x∈X vol (x). Clearly m/d!  M  bm/d!.
Our target is to ﬁnd many lattice polytopes contained in Q that have
volume very close to, and slightly larger than, V . To this end we deﬁne H
as the collection of all W ⊂ X with
vol

Q
 
x∈W
 (x)
	
∈

V,V +
b
d!

,
or, what is the same,


x∈W vol (x) ∈ [volQ − V − b/d!,volQ − V ].
Claim 5.1. There is c>0, depending only on d such that |H| 
exp{cV (d−1)/(d+1)}.
Proof. We are going to use Lemma 4.2, this time not with integral kj
but with vol (x), x ∈ X instead. These numbers are not integers but pos-
itive integer multiples of 1/d! which makes no diﬀerence. We deﬁne β via
βM =v o lQ − V and check, ﬁrst, that β<1/2.
As (d − 1)/2 <D= d(d − 1)/(d + 1) for all d  2, r(d−1)/2 = o(rD), and
we have
volQ − V =
1
5d!
f0(Kn)+O(r(d−1)/2) =
1
5d!
f0(Kn)

1+o(1)

.
On the other hand M  m/d!= 
1
2f0(Kn) /d!. Thus β =( v o lQ − V )/M
< 1/2, indeed.
We show next that β  1
3b. Just as before
volQ − V =
1
5d!
f0(Kn)

1+o(1)

, and M  bm/d!=b

1
2
f0(Kn)

/d!,
showing that β  1
3b > 0 indeed.
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An application of Lemma 4.2 shows that |H|  βb2βm  (3b)
−b2m/3b.W e
are done since b depends only on d and m   rD   V (d−1)/(d+1). 
Here comes the last step of the construction. Given W ∈H ,l e tt = t(W)
be deﬁned by
vol

Q
 
x∈W
 (x)
	
= V +
t
d!
.
Then 0  t  b. The simplex S(t)=c o n v{0,te 1,e 2,...,e d} has volume t/d!.
We assume r is large, much larger than b.F o rW ∈Hdeﬁne
P(W)=

Q
 
x∈W
 (x)
	
S(t).
We have now constructed the set P(W) for every W ∈H . It is evident
that each P(W) is a convex lattice polytope of volume V .
We show ﬁnally that a positive fraction of these convex lattice polytopes
are non-equivalent. Let s =  r . It is clear that Q has d edges, namely
[0,2sei], i ∈ [d], that contain 2s + 1 lattice points. Some of these edges be-
come shorter in P(W), yet each P(W)c o n t a i n sa ne d g eEi ⊂ [0,2sei]w i t h
at least 2s − b  1.9r lattice points on it (i ∈ [d]).
Claim 5.2. P(W) has no edge containing 1.9r lattice points apart from
E1,...,E d.
Proof. If [u,v] is such an edge, then its midpoint lies in 1.5rBd,b y
Lemma 4.1. In view of Lemma 2.2
2

r − 2
√
d

Bd ∩ Rd
+ ⊂ P(W) ∪ L(t),
and so [u,v] cannot be an edge. 
Suppose now that P(W)a n dP(W ) are equivalent (W,W   ∈H ), and T
is the lattice preserving aﬃne transformation carrying P(W)t oP(W ). By
the claim, T maps the edges E1,...,E d of P(W)t ot h ee d g e sE 
1,...,E 
d
of P(W ). Thus T must permute these edges. Moreover, T(0) = 0 follows
from

aﬀ Ei =

aﬀ E 
i = {0}.T h u sT is a lattice preserving linear transfor-
mation that permutes the elements of the basis e1,...,e d. There are exactly
d! such lattice preserving linear transformations.
This proves that there are at most d! convex lattice polytopes of the form
P(W), W ∈Hthat are equivalent. Consequently
logNd(V )  log

1
d!
|H|
	
  V (d−1)/(d+1) − logd!   V (d−1)/(d+1). 
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6. Concluding remarks
There is a modiﬁcation of this construction in which no two polytopes
are equivalent, showing directly that Nd(V )  |H|. To describe it we deﬁne
G1 = {se1}, G2 =

se2,(s − 1)e2

,...,Gd =

sed,...,(s − d − 1)ed

.F o r
each W ∈Hwe consider the convex lattice polytope
P∗(W)=I

P(W) \
d 
1
Gi
	
.
We claim that no two of these convex lattice polytopes are equivalent.
Suppose T is a lattice preserving aﬃne transformation carrying P∗(W)
to P∗(W ). Again, E∗
i = I(Ei \ Gi)i sa ne d g eo fP∗(W), and the same
way as before, T(0) = 0 and T must permute the ei. But now the last point
(away from the origin) of the edge E∗
i is (s − i)ei and so T must carry E∗
i
to E ∗
i for all i ∈ [d]. Thus T is the identity, and then W = W .
We mention further that Arnol’d’s suggestion, the paraboloid x2
1 + ···
+x2
d−1  xd  A, would work in a similar way. Also, an analogous construc-
tion applies to centrally symmetric (or, what is the same in this context,
0-symmetric) convex lattice polytopes. Deﬁne Md(V )a st h en u m b e ro f
equivalence classes of 0-symmetric convex lattice polytopes. In this case, of
course, V is a positive integer multiple of 2/d!
Theorem 6.1. V (d−1)/(d+1)   logMd(V )   V (d−1)/(d+1).
Sketch of Proof. The upper bound follows from Md(V )  Nd(V ).
For the lower bound let E be the ellipsoid
x2
1 + ···+ x2
d −

1
d
−
2
d3
	
(x1 + ···+ xd)
2 
2
d
.
The longest axis of E is in direction e =( 1 ,1,...,1), and is of length
√
d. All
other axes are of length

2/d.L e tK be the intersection of E with the cube 
x ∈ Rd : −1  xi  1, i ∈ [d]

. The integer convex hull of rK is the start-
ing point of the construction. Theorem 5 of [4] shows that rD   f0

I(rK)

  rD.S e tQ =2 I(rK). For an 0-symmetric subset W of vertQ, I(Q \ W)
is an 0-symmetric convex lattice polytope and rd   volQ   rd.C h o o s i n g
r carefully, and using Lemma 4.2, one can show again that exponentially
many of them have volume between V and V + b. Each such P(W)n e a rt h e
vertices ± r e looks like a coordinate octant. To reach exactly V volume
one should delete copies of a suitable S(t) at these vertices. 
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